Introduction
The measurement of the Newtonian gravitational constant, G, inevitably reduces to the isolation, maximization and quantification of the gravitational interaction between two independent masses or mass distributions. The challenge is one of eliminating, reducing or controlling the strength of all other competing effects and couplings between the masses until that due uniquely to the inter-body gravitational force can be resolved with precision. The absolute accuracy with which G can then be determined depends in part on critical metrological
Source masses: general characteristics
Since the time of Henry Cavendish (i.e. the late 1700s), most of the laboratory experiments for the determination of G have employed either spheres or cylinders as the attracting masses. Spheres have the advantage of producing a gravitational field which, in the ideal case, is that of a point source. However, there can be significant challenges associated with their precise manufacture when made at large diameter. Similarly, scaled cylinders are somewhat easier to make, but are a truncated line-source of gravitational field as opposed to a point source, thus leading to more complex descriptions of the interaction with test masses; see, for example, the original field calculation of Heyl [9] . Configurations of spheres or of cylinders are also used, for instance, because of the advantages arising from higher order multi-pole couplings between such arrangements and a test mass. Source mass materials have included tungsten, stainless steel, lead, copper and copper alloys, as well as water and mercury (poured into either spherical or cylindrical shells). Table 1 presents a listing of several representative experimental arrangements, in order of increasing total source mass in kilograms. It has often occurred that two or more results have been independently obtained and reported with a given source mass arrangement. In those cases, only that with the lowest uncertainty in G is given in table 1. The ratio of the largest to the smallest source mass arrangement listed there exceeds 1 000 000 : 1. The geometries and materials of the various sources masses are also shown in table 1, and the mean value obtained for G and the standard uncertainty of it, G/G, in parts per million (ppm), as determined by the experimenters cited in each case.
Important considerations in the design and construction of the attracting masses in determinations of G include the density of the material, the metrology of the mass and its magnetic properties. The inevitable presence of density gradients in the material used for construction governs knowledge of the centre of mass and hence the precision of the intermass spacing. Some examples of measured density variations include the findings by Schwarz [50] of ≈ 0.1% differences between the tungsten alloy cylinders used to form the source mass ring in his free-fall determination of G, and Tu et al. [12] , who found variations of ≈ 0.06% in samples of the material used for their spherical stainless steel source masses. Michaelis et al. [11] . Table 1 . Source mass total (M T ), source mass properties, G and G/G for experiments with 0.09 kg ≤ M T ≤ 100 000 kg. used discs of glass ceramic as the attracting masses, and Liu et al. [51] used glass for the test masses in their pendulum. This allowed for optical testing of the masses and the finding that the density variations were roughly 10 2 times smaller than those of metal masses. For a very detailed description and assessment of density variation measurements made on the source mass configuration of a recent G experiment, see Lamporesi et al. [52] .
Variations in the roundness of machined metallic cylinders can typically be kept to parts in 10 4 or less and deviations in the radius of precision ground spheres are nominally parts in 10 6 , thus making these uncertainties relatively small (but non-negligible) contributors to the overall error budget. The weighing of the source mass to determine its size in kilograms, including buoyancy corrections, can be done with a precision such that the related uncertainty in G is at the level of 1 ppm or less (e.g. [27] ). Likewise, great care is taken in determining the magnetic characteristics of the source and test masses in order to minimize systematic effects due to magnetic couplings between them and/or any stray external fields. See, for instance, Speake & Gillies [53] and Ritter et al. [10] for discussions of a number of relevant magnetic measurements. The implications of density variations, metrological limitations and magnetic properties in the source masses in terms of the associated uncertainty in G are unique to each particular experiment and are typically discussed in detail within the experimental arrangement and/or error budget sections in each publication. It is beyond the scope of this work to attempt to summarize those characteristics of the source masses across all reported experiments.
A great deal of ingenuity has also gone into developing alternative experimental arrangements of source masses that have special characteristics. For instance, Faller & Koldewyn [54] introduced and employed the gravitational doughnut, i.e. a hollow thick-walled cylinder used in coaxial pairs with the torsion pendulum suspended between them. The gravitational force on a test mass at the centre of the cylinder is zero, as it is also at infinity, with a broad flat maximum in between, thus relaxing the requirements on the measurement of the inter-mass spacing. Cook [43] noted that it is very difficult to manufacture large (e.g. 500 kg) metallic spheres with metrological precision, hence he developed a configuration of large-scale cylinders the zonal harmonics of which combine to yield a source mass with the external gravitational field of a point (spherelike) mass. Prototypes built according to that design were installed in the Gravitational Physics Laboratory in the Grotta Gigante near Trieste, Italy, but no result was reported from their use and they were eventually sent to the University of Colorado for incorporation into future experiments. Of historic interest were the 20 cm diameter, 47 kg lead spheres used by Shaw [55] in his measurement of G as a function of temperature of the interacting masses. Each of his large masses had channels within them, into which nichrome-wire heating coils were inserted in order to control the temperature of the spheres over the range from Lastly, we note that a number of unconventional source mass configurations have also been proposed for use in determinations of G. These include the proposal by Berman [57] of a rotating rectangular plate used to excite resonant oscillations in a similar plate suspended above it; by Wilk [58] of a solid sphere with a tunnel along a diameter within which a test mass oscillates; and by Kolosnitsyn [59] of a uniaxial ellipsoid with an internal spherical cavity in which a torsion pendulum oscillates. However, none of these three configurations have ever been realized experimentally.
Source masses: a specific example
Fifty years ago, Beams [60] proposed a novel method for the determination of G. It was to be a classical Cavendish balance arrangement, but one in which all of the system's components were mounted on a virtually frictionless turntable. The balance beam was free to rotate and align itself with the large masses, but the angle between them was sensed and used to drive a servo loop that caused the turntable to slowly accelerate, thus maintaining a constant angular orientation between them. The gravitational interaction (torque) between the large and small mass systems resulted in angular accelerations of roughly 5 × 10 −6 rad s −2 , with a full rotation of it thus taking approximately 30 min. One expectation arising from this arrangement was that by causing the entire system to rotate in this way, the effects of ambient gravitational gradients could be averaged out of the measurement. The balance beam was originally supported by a magnetic suspension system, but later versions of the experiment employed more standard quartz fibre suspensions. The final value of the Newtonian gravitational constant obtained with this system was G = (6.6699 ± 0.0014) × 10 −11 m 3 s −2 kg −1 (i.e. an uncertainty of 210 ppm) by Luther et al. [61] . Several interim results and technology development studies were also reported by Rose [62] , Rose et al. [63] , Towler & McVey [64] , Towler et al. [65] and Lowry et al. [66] . The same tungsten-sphere source masses were used throughout the entire series of measurements. One of them, as it appears at present, is shown in figure 1 . These spheres were manufactured by Union Carbide Corporation's Nuclear Division, at Oak Ridge National Laboratory. They were made from a billet of unalloyed, gas-pressure-bonded tungsten obtained originally from Allied Chemical Corporation. The full details of the process used to produce the original billet and subsequently manufacture the spheres are given in an Oak Ridge National Laboratory technical report authored by Nash et al. [67] . We provide a brief synopsis of that work in what follows.
After initial machining into rough spherical shape, a complex protocol of lapping and polishing with 17 µm and then 3 µm aluminium oxide compound was employed to achieve peakto-valley surface uniformities of ≈ 0.075 µm over the nominal diameters of 10.16 cm. The spheres varied in diameter from each other by approximately one part in 10 4 . Following fabrication, they were weighed on a 30 kg, two-pan analytical balance with a precision of 70 mg under fixed environmental conditions of 20 • C, 42% relative humidity and 98.9 kPa atmospheric pressure. The primary mass standards that were used were traceable to the US National Bureau of Standards. The weights of the three finished spheres were 10.489980, 10.490250 and 10.445982 kg, with densities of 19.073914, 19.074866 and 19.009009 g cm −3 , respectively. (The sphere with the lowest density came from that part of the billet that was in a cooler zone of the furnace used for the sintering process.) The offset between the centre of mass and the centre of geometry of each sphere was then determined by floating them on an air bearing and measuring the period of the ensuing simple pendulum oscillations. The results were 4.6, 7.6 and 18.4 µm, respectively. Following final inspection, the spheres were shipped to Beams at the University of Virginia and put in use in his measurement of G.
The two spheres closest to each other in mass were used in the experiment; the third one was used in several auxiliary studies. In the apparatus, the working spheres were positioned on a base-plate of Cer-Vit glass ceramic, which has a very low thermal expansion coefficient (1.5 × 10 −7 • C −1 ), to ensure dimensional stability of the inter-sphere spacing. After several series of measurements at the University of Virginia, the entire experiment was moved to the laboratories 
Discussion
In the spirit of the search by Kuroda [69] for previously unrealized systematic effects in the various experimental arrangements used to measure G, we have looked for dependencies in G and G/G on total source mass size (i.e. the total mass of the source(s), to avoid confusion with radial size). As described below, this was done by simply plotting G and G/G versus total source mass size as given in table 1, and finding best fits to the results. There are some points of clarification regarding table 1. The details of the source masses (≈ 118 kg total) used in the experiments that led to the preliminary values of G found by Newman and colleagues, one of which is presented in table 1, are discussed in the dissertation of Cross [71] . Also, the experiments at the PhyikalischTechnische Bundesanstalt that employed the source masses of Zerodur and tungsten totalling 0.24 and 1.8 kg, respectively, were eventually found to have a previously unrealized systematic effect [72, 73] responsible for the unusual results. Figure 2 shows G versus total source mass size for those 15 results with uncertainties under 250 ppm. There are just 15 data points here because only the highest precision, independently obtained result from the use of a particular source mass configuration is included. As seen in that plot, there is a great deal of scatter in the data. experiments with source masses above ≈ 30 kg seem to show a bias towards a larger value of G. However, that observation would have to be reconciled with the results of the power law fit between G and source mass size, the correlation coefficient for which is only R 2 = 0.169. There appears to be no other systematic dependence on the source mass in this set. Next, we plotted the overall uncertainty in the measurements, G/G, versus total source mass size. This was done for 19 results with G/G < 1000 ppm in figure 3 , and for 12 results with G/G < 100 ppm in figure 4 . The same exclusion criteria applied to the data in figure 2 were also applied here. However, we have included the uncertainties from Michaelis et al. [11] in figures 3 and 4, as the anomalous nature of their result arose from a systematic effect not related to their otherwise very high precision mass metrologies. Under those conditions, a simple power law fit to the data plotted in figure 3 shows no significant correlation between G/G and total source mass size (R 2 = 0.0824). A similar fit to the data plotted in figure 4 is somewhat more meaningful (R 2 = 0.3608). In this high precision set, there is a clear separation between very small values of source mass and relatively large values, with smaller source masses resulting in larger relative uncertainty, except in one case. The reason for this is perhaps the larger signal resulting from the use of a larger source mass. For comparable densities, the source mass increases rapidly as the cube of the size. The gravitational force also increases with the mass, but the relative error increases only linearly with the relative error in mass measurement, which is usually insignificant, since the metrology of mass is typically better than 1 ppm. What dominates the relative uncertainty more than mass metrology is the measurement of inter-mass distances. For a smaller source mass, though the distance metrology is better, it does not compensate for the advantage in the larger signal arising from a larger source mass. Thus, it seems that the advantage of employing a relatively large source mass is a useful conclusion we can draw from a plot of experimental uncertainty versus source mass size.
We plotted overall experimental uncertainty versus total source mass size in figures 3 and 4, because it is generally accepted that the error budget components associated with the source masses, including their contribution to the uncertainty in inter-mass spacing, tend to dominate the overall experimental uncertainty. Perhaps one would have ideally plotted just the source mass [37] and Schlamminger et al. [47] .
uncertainty component versus total source mass size, but this proved difficult to accomplish in practice due to the highly individualized nature of how the uncertainty budget components were defined and implemented in the published results across the various experiments.
In future work, we will consider carrying out a similar assessment of the test mass configurations reported in the measurements made to date. In fact, one might ideally consider the possibility of doing a multi-variate least-squares analysis in which the goal would be to see how the large and small mass sizes and the overall uncertainties reported to date combined so as to optimize signal strength versus precision in the measurement of G. It may also be possible to carry out a study of this kind on other types of gravitational physics experiments that employ separate configurations of source and test masses, such as torsion pendulum devices used to search for violations of the inverse square law, composition dependence, etc. An inter-comparison of results from a study of that nature with those from the assessment of the G experiments might be of help in identifying some otherwise hidden systematic effect intrinsic to such measurements.
